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Abstract 



I We describe the Gevrey series solutions at singular points of irregular hypergeo- 

' metric systems (GKZ systems) associated with affine monomial curves. 

<C 1 Introduction 

\ We study the Gevrey solutions of the hypergeometric system associated with a monomial 
curve in C"' by using F-series introduced in [7] and also used in [25] in a very useful and 
slightly different form. We use these F-series to study the Gevrey filtration of the irregu- 
', larity complex of the corresponding hypergeometric P-module with respect to coordinate 
\ hyperplanes. 

Q \ Rational solutions of the hypergeometric system associated with a monomial projective 
OO ■ curve has been studied in [5]. The analytic solutions of hypergeometric systems at a generic 
point in C" have been widely studied (see e.g. [7], [1], [25], [23]). In this paper we begin 
studying Gevrey solutions at special points, i.e. points in the singular locus of the system. 



O , 

OO , restricting ourselves to the case of affine monomial curves. More general cases will be treated 
^ ' in a forthcoming paper. 

The behavior of Gevrey solutions of a hypergeometric system (and more generally of any 
^ < holonomic P-module) is closely related to its irregularity complex. We are in deep debt with 
the works of many people in these areas. We have especially used the works of Z. Mebkhout 
and Y. Laurent about irregularity and slopes [21], [20], [15], [16]. 

Let us begin with a simple example. Let X be the complex plane C^, Ox be the sheaf of 
holomorphic functions on X and Vx be the sheaf of linear differential operators on X with 
holomorphic coefficients. 

Let M.a{I3) be the analytic hypergeometric system associated with the row matrix A = 
(1 b) (here b is an integer number 1 < 6) and the complex number j3 (see [7]). The T>x- 
module AiA^P) is the quotient of Vx modulo the sheaf of left ideals generated by the global 
operators P = d\ — 82 and £"(/?) = x^di + 6x2^2 — (3. Here x = {xi,X2) are coordinates on 
X and di stands for the partial derivative d/dxi. 



*Both authors partially supported by MTM2007-64509 and FQM333. The first author is also supported 
by the FPU Grant AP2005-2360, MEG (Spain), e.mail addresses: mcferfer@us.es, castro@us.es 
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Although it follows from general results ([6] and [1, Th. 3.9]), an easy computation shows 
that AiAiP) is holonomic and that its singular support is the line Y = {x2 = 0). 

The dimension of the C-vector space of holomorphic solutions of A4a{i3) in a neighbor- 
hood of any point p ^ X \ Y equals b, i.e. we have 

dimcHamv^ (-Ma(/3), Ox)^ = b 

for any p = {pi,P2) G X with p2 7^ 0. This follows from general results of [7] and [1] but in 
this case it can be see as follows. Notice that around p and up to multiplication by a unit, 
the operator E{P) can be written as E'{P) =82 + u{t2)xidi — [3u{t2) where t2 = X2—P2 and 
■"(^2) = (1/^(^2 +^2)"^)- Then we can apply Cauchy-Kovalevskaya Theorem to the equation 
E'{(3){(j)) = with initial condition (j){xi,0) = f{xi) where f{xi) is a germ of holomorphic 
function at Xi = Pi- Then we use the equation P(0) = to fix 6 linearly independent 
holomorphic solutions around p E X\Y oi the system E{P){(f)) = P{4>) = 0. 

Moreover by using results of [7] and [25] we can explicitly give (see Subsection 3.2.2) a 
basis of the solution space TCom-Vx (-^a(/5), Ox)p- Such a basis is obtained as follows. 

For j = 0, . . . , 5 — 1 let us write 

v= = (j, ^) e X. 

Notice that Av^ = (3. Let us consider the expression 

ip^j = x'" TTT^" 

u&La ^ ' 

where La = keTz{A) = {m(6, — 1) \m G Z}, 1 = (1,1) and T{{vi,V2)) = T{vi)T{v2) is a 
product of Euler gamma functions. 
So, we have 

= E r( I — e x^'C[[x„x^']] 

^-^ i [v^ + mo, — m + 1 

ram ^ ' ^ ' ) ' ) 

and it formally satisfies the equations defining A^^(/5) ([7, Sec. 1.1] (see also [25, Prop. 
3.4.1])). Moreover, around a point p = (^1,^2) G X \ F (i.e. P2 7^ 0), (pyj defines a germ of 
holomorphic function for /c = 0, . . . , 6 — 1. If ^ Z<o the family {if^] \j = 0, . . . , 6 — 1} 
is linearly independent. The case ^^j^ G Z<o is a little subtler and it will be treated in 
Subsection 3.2.2. 

What happens on Y7 The previous (f^] does not define any holomorphic function at a 
point (pi,0) G Y. Instead of = (j,^^) we can consider v = (/5, 0) G X. Notice that 
Av = (3. Then we consider the expression 

ify := x^ r( \ ,^,, ^i'"^^2 e x^'C[[xr\ X2]] 

r(v + {—mb, m) + 1) 

that formally satisfies the equations defining M.a{P)- We will see (Proposition 3.2.5.3) that 
the germ (pv,{pi,o) generates the vector space of formal solutions of J^a{P) at the point 
(pi,0) G C* X {0} C X, for P ^ Z<o. Moreover, fv,{pi,o) will be used to generate the vector 
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space of Gevrey solutions along Y of J^a{P) at (pi,0) (see Propositions 3.2.5.4 and 3.2.5.5 
for precise statements). 

The paper has the following structure. In Section 2 we recall the main results, proved 
by Z. Mebkhout, about the irregularity complex of a holonomic P-module with respect to a 
hypersurface in a complex manifold. We also recall the definition of algebraic and geometric 
slopes and the Laurent-Mebkhout comparison theorem. 

Section 3 contains four Subsections. In Subsection 3.1 we recall the basic properties of 
the F-series associated with an integer d x n matrix A and a complex parameter /? G 
following [6] and [7, Section 1] and in the way these objects are handled in [25, Section 3.4]. 

Subsections 3.2, 3.3 and 3.4 are devoted to the computation of the cohomology of the 
irregularity complex of the hypergeometric system associated with a plane monomial curve, 
with a smooth monomial curve and with a general monomial curve respectively, at any point 
of the singular support of the system. The computation in the last case is only achieved 
for all but finitely many parameters /3 G C. It is an open question to describe the set of 
exceptional parameters. 

This paper can be considered as a natural continuation of [4] and [8] and its results should 
be related to the ones of [28] . We have used at many places some essential results of the 
book [25] about solutions of hypergeometric systems. Some related results can be found in 
[22] and also in [17] and [9]. 

The second author would like to thank N. Takayama for his very useful comments con- 
cerning logarithm-free hypergeometric series and for his help, in April 2003, computing the 
first example of Gevrey solutions: the case of the hypergeometric system associated with the 
matrix A = {1 2) (i.e. with the plane curve x"^ — y = 0). 

2 Irregularity of a Vx—T^odu\e 

Let X be a complex manifold of dimension n > 1, Ox (or simply O) the sheaf of holomor- 
phic functions on X and Vx (or simply V) the sheaf of linear differential operators with 
coefficients in Ox- The sheaf Ox has a natural structure of left P^^niodule. 

2.1 Gevrey series 

Let Z he a hypersurface in X with defining ideal Xz- We denote by Ox\z the restriction to 
Z of the sheaf Ox (and we will also denote by Ox\z its extension by on X). Recall that 
the formal completion of Ox along Z is defined as 

0^^:=l\mOx/Tl 

k 

By definition O^^ is a sheaf on X supported on Z and has a natural structure of left 
Px^module. We will also denote by O^^ the corresponding sheaf on Z. We denote by Qz 
the quotient sheaf defined by the following exact sequence 

^ Ox\z O^^ ^Qz^^. 

The sheaf Qz has then a natural structure of left Px^module. 
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Remark 2.1.1.1. If X = C and Z = {0} then Oj^^ is nothing but C[[x]] the ring of 
formal power series in one variable x, while ^ = for any nonzero p & X . In this case 

Qzfl = ^ Qz,p = Oforpy^O. 

Definition 2.1.1.2. Assume Y G X is a smooth hypersurface and that around a point p G X 
the hypersurface Y is locally defined by Xn = for some system of local coordinates around 
p. Let us consider a real number s > 1. A germ f = X]i>o • • • ^^n-i)^^ £ ^x\y p '^^ 

said to be Gevrey of order s (along Y at the point p) if the power series 

Psif) ■■= • • • ' ^n-iX 

i>0 

is convergent at p. 

The sheaf admits a natural filtration by the sub-sheaves Oj^{s) of Gevrey series 

of order s, 1 < s < oo where by definition C^j^(oo) = O^^. So we have Oj^{l) = Ox\y- 
We can also consider the induced filtration on Qy, i.e. the filtration by the sub-sheaves 
Qy{s) defined by the exact sequence: 

^ Ox\Y 0^{s) ^ Qy{s) ^ (1) 

Definition 2.1.1.3. Let Y be a smooth hypersurface in X = and let p be a point in 
Y . The Gevrey index of a formal power series f G ^ with respect to Y is the smallest 

1 < s < oo such that f G Oj^{s)p. 

2.2 Irregularity complex and slopes 

We recall here the definition of the irregularity (or the irregularity complex) of a left coherent 
Djsf^Hiodule given by Z. Mebkhout [21, (2.1.2) and page 98]. 

Recall that if is a coherent left Px^module and JF is any Px^module, the solution 
complex of Ai with values in is by definition the complex 

which is an object of D^{Cx) the derived category of bounded complexes of sheaves of C- 
vector spaces on X. The cohomology sheaves of the solution complex are Sxf-p (A^,JF) (or 
simply £xt\M,T)) for i G N. 

Definition 2.2.1.4. Let Z be a hypersurface in X. The irregularity of M. along Z (denoted 
by \iiz{M^)) is the solution complex of M. with values in Qz, i.e. 

Irrz(A^) := WHomv^iM, Qz) 

If y is a smooth hypersurface in X we can also give the following definition (see [21, Def. 
6.3.7]) 

Definition 2.2.1.5. For each 1 < s < oo, the irregularity of order s of M. with respect to 
Y is the complex Irry^(A^) := M^Hom-DxiM.! Qy{s))- 
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Remark 2.2.1.6. Since 0^{oo) = we have Irr^'*(A^) = Irry(A^). By definition, 

the irregularity of M. along Z (resp. 1tTy\A4) ) is a complex in the derived category D''[Cx) 
and its support is contained in Z (resp. in Y). 

If X = C, Z = {0} and Ai = Vx/'DxP is the Vx-module defined by some nonzero linear 
differential operator P{x, ^) with holomorphic coefficients, then liTz{Ai) is represented by 
the complex 

CM p CM 

C{x} C{x} 
where P acts naturally on the quotient 

One of the main results in the theory of the irregularity of Px^modules is the following 

Theorem 2.2.1.7. [21, Th. 6.3.3] Assume that Y is a smooth hypersurface in X and M. 
is a holonomic Vx-module, then Irry''(7W) is a perverse sheaf on Y for any 1 < s < oo. 

A complex JF* g D^{Cx) of sheaves of vector spaces is said to be constructive if there 
exists a stratification {X\) of X such that the cohomology sheaves of T' are local systems 
on each Xx. A constructible complex JF* satisfies the support condition on X if 

1. WiJ^) = for z < or z > n = dim{X). 

2. The dimension of the support of 7i*(JF*) is less than or equal to n — i for < z < n 

A constructible complex JF* is said to be perverse on X (or even a perverse sheaf on X) 
if both JF* and its dual MJ-Com£^{T' , Cx) satisfy the support condition. 

The category Per(Cx) of perverse sheaves on X is an abelian category (see [3]). 

Remark 2.2.1.8. From [21, Cor. 6.3.5] each lii'f^ {-) for I < s < oo, is an exact functor 
from the category of holonomic Vx-modules to the category of perverse sheaves on Y . 

Moreover, the sheaves Irry''(7W), 1 < s < oo form an increasing filtration of\ii^^\M.) = 
Irry(AI). This filtration is called the Gevrey filtration of Itty{M.) . 



Let us denote by 

Gr,(Irry(X)) := 



for 1 < s < oo the graded object associated with the Gevrey filtration of the irregularity 
Irry(A^) (see [15, Sec. 2.4]). 

We say, with [15, Sec. 2.4], that 1 < s < oo is an analytic slope of Ai along F at a point 
p G F if p belongs to the closure of the support of Gts(Itty{M.))- Y. Laurent ([13], [14]) also 
defines, in a completely algebraic way, the algebraic slopes of any coherent Px^niodule Ai 
along Y. These algebraic slopes can be algorithmically computed if the module A4 is defined 
by differential operators with polynomial coefficients [2]. In [15, Th. 2.5.3] Y. Laurent and 
Z. Mebkhout prove that for any holonomic Px^niodule the analytic and the algebraic slopes 
with respect to any smooth hypersurface coincide and that they are rational numbers. In [4] 
and [8] are described the slopes (with respect to any hyperplane in C") of the hypergeometric 
system associated to any monomial curve. In [26] U. Walther and M. Schulze describe the 
slopes of any hypergeometric system with respect to any coordinate variety in C" under 
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some assumption on the semigroup associated with the system. By technical reasons the 
definition of slope given in [4] and [8] is slightly different to the one of Y. Laurent: a real 
number — cxd < r < is called a slope in [4] and [8] if is an algebraic slope in the sense 
of Y. Laurent [14]. 



3 Irregularity of hypergeometric systems 

Hypergeometric systems are defined on X = C". We denote by A„(C) or simply An the 
complex Weyl algebra of order n, i.e. the ring of linear differential operators with coefficients 
in the polynomial ring C[x] := C[xi, . . . ,Xn]- The partial derivative ^ will be denoted by 

Let A = (aij) be an integer d x n matrix with rank d and /5 G C^. Let us denote by 
Ei{i3) for z = 1, . . . ,d, the operator Ei{i3) := J2]=i '^ij^j^j ~ Pi- The toric ideal Ia C C[d] := 
C[di, . . . ,dn] associated with A is generated by the binomials := 9"+ — 9"^ for n G 
such that Au = where u = u+ — and u+, u„ are both in N" and with disjoint support. 

The left ideal AniA + J2i^nEi{P) C An is denoted by Ha{P) and it will be called the 
hypergeometric zdea/ associated with {A,P). The (global) hypergeometric module associated 
with {A,p) is by definition (see [6], [7]) the quotient Ma{P) := An/HA{P). 

When X = C" is considered as complex manifold, to the pair {A, (3) we can also associated 
the corresponding analytic hypergeometric I^x^inodule, denoted by A1^(/3), which is the 
quotient of Vx modulo the sheaf of left ideals in Vx generated by Ha{P)- 

3.1 Some preliminary results: F— series and Euler operators 
3.1.1 F— series 

In what follows we will use F-series following [6] and [7, Section 1] and in the way these 
objects are handled in [25, Section 3.4]. 

Let the pair {A, P) be as before (see Section 3). Assume f G X. We will consider the 
F-series 

:= E T(v + u + lf ^ ^ • • • '^"'^^ 

where 1 = (1, 1, . . . , 1) G N", La = kerz(A) and for 7 = (71,..., 7„) G C" one has by 
definition F(7) = nr=i ■'^(^«) (where F is the Euler gamma function). Notice that the set 
a;^C[[x]'^"^, . . . jX^"]] has a natural structure of left A„(C)-module although it is not a Vxfl- 
module. Nevertheless, if Av = (3 then the expression ^p^ formally satisfies the operators 
defining M.a{(3). Let us notice that if u G La then = (^v+u- 

If f G (C \ Z<o)" then the coefficient ^{v+u+i) non-zero for all u G La such that 
Ui + Vi>{) for all i with Vi G N. We also have the following equality 

T{v + 1) {v)^_ 



F(f + -u + l) {v + u)u+ 
where for any z G C" and any a G N" we have the convention 

n n(^^-iO- 

j,ai>0 j=0 
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Following [25, p. 132-133] the negative support of v (denoted by nsupp(f )) is the set of 
indices i such that Vi G Z<o- We say that v has minimal negative support if there is no 
u E La such that nsupp(w + u) is a proper subset of nsupp(f ). 

Assume v ^ (C\Z<o)" has minimal negative support. The negative support of v is then a 
non-empty set and r{v + 1) = oo. Moreover for each u G La at least one coordinate of v + u 
must be strictly negative (otherwise nsupp(f + n) = C nsupp(t')). So T{v + u + 1) = oo 
for all u G La and = 0. 

If V ^ {C \ Z<o)" does not have minimal negative support then there exists u G La such 
that V + u has minimal negative support. If nsupp(t; + m) = then ip^ = ipv+u 7^ while if 
nsupp(w + m) 7^ then ip^ = fv+u = 0. 

Following loc. cit., for any w G X we will consider the series 



where Ny = {u E La \ nsupp(f + u) = nsupp(t')}. 

If Av = (3 then 0„ is a solution of the hypergeometric ideal Ha{(3) (i.e. is formally 

annihilated by Ha{I3)) if and only if v has minimal negative support [25, Prop. 3.4.13]. 

For w G (C \ Z<o)"' we have 



and V{v + l)pv = (pv 

If f ^ (C \ Z^o)*^ then the coefficient of in (j)^ is non-zero (in fact this coefficient is 1) 
while it is zero in ip^. 

In order to simplify notations we will adopt in the sequel the following convention: for 
f G C" and m G we will denote 



if M G A'^u and r[t'; -u] := otherwise. With this convention we have 



3.1.2 Euler operators 

If A = ( Oil, • • • , O-n 

) G C" then the operator Ea '■= Yli (^i^A is called the Euler operator 
associated with A. For each complex number f3 let us denote Ea{(3) := Ea — (3 and by 
V{A,P) the vector space 




T{v + 1) (v) 



T{v + u + l) (v + u) 





a, 



a 




Proposition 3.1.2.1. Let A = (ai, . . . , a„) G C 



and /? G C. Then 
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1. The linear map 

EA{P):ViAP)^V{A,^) 

is an automorphism. 

2. If P ^NA = Nflj the linear map 

EA{f3) : C[[x]] ^ C[[x]] 
is an automorphism. It is also an automorphism acting on 

3. Assume all the coefficients of the Euler operator E^ = '^iO'iXidi to be strictly positive 
real numbers. Then the linear map 

C[[x]] C[[x]] 

^^^^^ • cw c{4 

is an automorphism. 

Let A = {ttij) be an integer dx n matrix with rank d and /3 G C^. Recall that we denote 
by Ei{[3) for i = 1, . . . , c?, the operator Ei{[3) := X]j=i ^ij^j^j ~ A- 

Proposition 3.1.2.2. 1. If (3 ^ then {Ei{i3) , . . . , Ed{/3)) induces an injective linear 
map from C[[x]] to C[[x]]'^. It is also injective from C[[x]]/C{x} to {C[[x]] / C{x}Y . 

2. Assume that there exists 7 G M'^ such that each component of the vector a = '-fA is 
strictly positive, then the linear map 

Ea{{l,P)) = 5^a,x,a, - (7,/3) : C[[x]]/C{x} C[[x]]/C{x} 

i 

is an automorphism for all j3 G C^. Here {'~f,l3) = Ylilii^i- Notice that Ea{{'j,i3)) G 

Corollary 3.1.2.3. Assume (3 ^NA and recall that Ma{I3) = An/HA{(3), then 
t) ExtOjM^(/5),C[[x]]) = 0. 

u) E<JM^(/5),M) = 0. 

Corollary 3.1.2.4. If the Q-vector space generated by the rows of A contains a vector with 
strictly positive components then Ext^^{MA{P), = for all {3 G C'^. 

Remark 3.1.2.5. The Q-vector space generated by the rows of the matrix A contains a 
vector with strictly positive components if and only the columns of A belong to one open half- 
space defined by some hyperplane passing through the origin. If the zero column does not 
appear as a column of A, the last condition holds if and only if NA is a positive semigroup. 
Recall that a semigroup S is said to be positive if S (1 (—5*) = {0}. 

In what follows we will describe the irregularity, along coordinate hyperplanes, of the 
hypergeometric system associated with a monomial curve in X = C^. In fact we will 
see (Remarks 3.2.7.6 and 3.3.3.10) that it is enough to compute the irregularity along any 
hyperplane contained in the singular support of the system. 
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3.2 The case of a plane monomial curve 

Assume X = and let us denote by J^a{P) the analytic hypergeometric system associated 
with a row integer matrix A = [a b) and the complex number 

Remark 3.2.1.6. If A = (1 1) then the hypergeometric ideal H^lf]) is generated by P = 
di — 82 and E{[3) = xi^i +X292 — /3. The multivalued function (xi +^2)^ generates the vector 
space of holomorphic solutions of Ma{(3) at any point p E X \ [xi + X2 = 0). If j3 E N then 
the vector space of holomorphic solutions at a point p = {pi,p2) with pi +p2 = is generated 
by the polynomial (xi + X2)^ while if (3 this space is reduced to {0}. 

In the remaining part of this section we will assume, unless otherwise specified (see 
Remark 3.2.7.5), that A = [a b) is an integer matrix with < a < 6 and /3 G C. We will 
assume without loss of generality that a, b are relatively prime. 

The module J^a{.P) is the quotient of Vx modulo the sheaf of ideals generated by the 
operators P := d\ — 9f and Ea{P) '■= axidi + 6x2^2 — [3, x = (xi,X2) being a system of 
coordinates in X. Sometimes we will write E = E{j3) = Ea{(3) if no confusion is possible. 

Although it can be deduced from general results ([6] and [1, Th. 3.9]) a direct compu- 
tation shows that the singular support of AiA{(3) is the line Y = {x2 = 0) C X and that 
M-AiP) is holonomic. 



3.2.2 Holomorphic solutions of A4a{P) at a generic point 

By [7, Th. 2] and [1, Cor. 5.21] the dimension of the vector space of holomorphic solutions 
of A4a{i3) at a point p E X \ Y equals b. A basis of such vector space of solutions can be 
described as follows. For j = 0, . . . , 6 — 1 let us consider 

^ = U' — z — ) ^ ^ 



and the corresponding F-series 



^F[^^;n(m)] (^) G x^' C[[x^, x^']] 

m>0 ^^2/ 



where u{m) = [bm, —am) G La = keTz{A), which defines a holomorphic function at any 
point p = (ei, €2) G X with €2 7^ 0. This can be easily proven by applying d'Alembert ratio 

test to the series in ^ 

Writing Cm '■= ^[v^] u{m)] we have 

Cm+l 



lim 

m— >oo 



, [am) 
lim — — — 

m->oo [bm)'' 



0. 



Notice that in general ^ OxiX \ Y). 
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3.2.3 Gevrey solutions of Ma{P) 

The only slope of A4a{P) along Y is a/(a — b) (see [8]; see also [26]). We will describe the 
cohomology of the irregularity complex Itty{J^a{,P)), and moreover we will compute a basis 
of the vector spaces 

for p e X, -i G N and 1 < s < oo. 

Remember that Irry''(A1^(/3)) is a perverse sheaf on Y for any 1 < s < oo [21, Th. 6.3.3]. 

Remark 3.2.3.1. The support condition (see Subsection 2.2) means in this case (since 
djmY = 1) that the dimension of the support of IHP {\iIy\-^ is less than or equal to 1 

and that the dimension of the support of IH} {\iIy\-^ a{(3))) is less than or equal to 0, while 
W{lTT^Y\^A{f3))) = fori ^0,1. 

Lemma 3.2.3.2. A free resolution of A4a{i3) is given by 

O-^V^V MAiP) — (3) 

where i/jq is defined by the column matrix {P, Ey, tpi is defined by the row matrix {E+ab, — P) 
and TT is the canonical projection. 

Remark 3.2.3.3. For any left Vx-rnodule T the solution complex WHom-D^^AiAiP), is 
represented by 

— > ^ ^ — ^0 

whereroif) = {P{f),E{f)) and rAfi, f2) = {E + ab)U\) - PU2) forf,fuf2 local sections 
in T . 

3.2.4 Description of lrry(A^A(/5)){o,o) 
Remark 3.2.4.1. From Corollary 3.1.2.4 we have 

£xt°,^(A<A(/3),Qy(s))(o,o) = 
for 1 < s < 00 and for all /9 G C, since a,b> and Qy(s)(o,o) C C[[a;]]/C{a:}. 
Let us denote by V{A,P,s) the vector space 




Notice that V{A, /3, s) = O^(s)(o,o) if and only if /3 ^ aN + bN. 

Lemma 3.2.4.2. The C-linear map Ea{(3) : ^(A, /5, s) — > V{A.,(3, s) is a bisection for all 
1 < s < 00 and /5 G C. Moreover, if (3 ^ oM + hN then Ea{I3) is an automorphism of 
Oj^(s)(o,o) for all 1 < s < 00. 

Proof. We have PsEa{P) = Ea{P)Ps and then we can apply Proposition 3.1.2.1. □ 
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Corollary 3.2.4.3. Ea{P) is an automorphism of the vector space Qy(s)(o,o) for 1 < s < oo 
and /3 G C. 

Proposition 3.2.4.4. With the previous notations we have 

£xf{MA{P), Qy(s))(o,o) = 

y/3 e C, Vs > 1, Vz G N. 

Proof. The complex Itty\Ma{P)) is represented by the germ at (0,0) of the following 
complex 

Qy{s) ^ Qy{s) © Qy{s) ^ Qy{s) 

where ^*(/) = (^(/),^(/)) and /a) = {E+ab){f,)-P{f2) for /,/i,/2 germs in Qy{s) 

(see Remark 3.2.3.3). In particular, we only need to prove the statement for i = 0,1, 2. 

For i = the statement follows from Remark 3.2.4.1. For i = 2 it follows from Corollary 
3.2.4.3 and the fact that 

Sxt\MA{P), Qy(s))(o,o) = Coker^A*. 

So let see the case i = 1. Let us consider {f,g) G Ker('0j[')(o,o) (i-e. {E + ab){f) = P{g)). We 
want to prove that there exists h G Qy(s)(o,o) such that P{h) = f and E{h) = g, where the 
(~) means modulo Ox\y,(o,o) = C{x}. 

From Corollary 3.2.4.3 we have that there exists a unique h G Qy(s)(o,o) such that 
E(h) = g. Since PE = {E + ah)P and {E + ah)(j) = P{g) we have: 

{E + ab)(f) = P{g) = P{E(h)) = {E + ab){P(h)) 

Since for all /3 G C, E{/3) + ab = E + ab is a.n injective linear map acting on Qy(s)(o,o) 
(see Corollary 3.2.4.3) we also have / = P{h). So (7,^) = {P(h), E(h)) G lm(^/^*)(o,o). □ 

3.2.5 Description of Irry (A^a(/9))p for p G F, p ^ (0, 0) 

We will compute a basis of the vector space Sxf{M.A{P), Qy('S))(e,o) for z G N, e G C* and 
G C. In this subsection we are writing p = (e, 0) with e G C*. 
We are going to use F-series following ([6], [7, Section 1]) and in the way they are handled 

in [25, Section 3.4] (see Subsection 3.1.1). 

In this case La = kerz(A) = {{—bm,am) | m G Z} and we will consider the family 
_ ^§:zM.^)^"j g X for k = 0, ...,a — 1. They satisfy Av'' = (3 and the corresponding 

F-series are 

= x''' ^F[t;^M(m)]xr^"^xr e x^' C[[x^\ X2]] 

m>0 

where u{m) = {—bm, am) for m G Z. 

Although (j)^k does not define in general any holomorphic germ at (0, 0) we will see that 
it defines a germ 0^fc p in C'jqy ^ for = 0, 1, . . . , a — 1. Let us write Xi = ti + e and remind 
that e G C*. We have 

= (ti + e)'^x', Yl r^'; uM]{t, + e)-'""xr. 

m>0 
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Lemma 3.2.5.1. 1. If j3 G aN + 6N then there exists a unique < g < a — 1 such that < 
is a polynomial. Moreover, the Gevrey index of (p^k p G C^xiYp is ^ for < k < a - 
and k ^ q. 

2. If P ^ aN + hH then the Gevrey index of (p^k^p G Oj^^ is ^ for k = 0, . . . , a — 1. 



- 1 



Proof. The notion of Gevrey index is given in Definition 2.1.1.3. 

1.- Let assume first that (3 G aN + 6N. Then there exists a unique < g < a — 1 such that 
(3 = qh + aN. Then for m G N big enough — bm is a negative integer and the coefficient 
T[v'^]u{m)] is zero. So (j)yq is a polynomial in C[xi,a;2] (and then 0„<j,p(ti, ^2) is a polynomial 
in C[ti,X2]) since for — bm > the expression 



"2 



is a monomial in C[xi,X2]. Moreover, for < A; < a — 1 and k ^ q the formal power series 
0^,fe p(ti,X2) is not a polynomial. 

Let us consider an integer number k with < k < a — 1. Assume ^ N. Then the 
formal power series (j)^k p{ti,X2) is not a polynomial. We will see that its Gevrey index is 
b/a. It is enough to prove that the Gevrey index of 



X2) := Yl rb'; u{m)]{t^ + ey'^xT = Yl ^b'; <rn)] 

m>0 m>0 

is b/a. 

We need to prove that 



(ti + e 



is convergent for s = b/a and divergent for s < b/a. 



Considering ps{ip(ti,X2)) as a power series in (x2/(ti + e)^) and writing 

r[t''^; u{m)] 



we have that 



lim 



(bmY 

hm 



m^oo (am)"* 

and then by using the d'Alembert's ratio test it follows that the power series ps{ip(ti,X2)) is 
convergent for b < as and divergent for b > as. 

□ 

Remark 3.2.5.2. Recall that is the only slope of M.a{I3) along Y (see [8], see also [26]) 
and that b/a = 1 + ^/{b-a) ^'^ '^'^^^ S'^P Gevrey filtration o/Irry(7W^(/5)) (see Section 

2.2). 

Proposition 3.2.5.3. We have dime (£xt^{MA{P),0^)j^ = a for all [3 e C, p e Y \ 
{(0,0)}. 
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Proof. Recall that p = (e, 0) with e G C*. The operators defining M.a{P)p are (using 
coordinates (ti,X2)) P = d\ — 82 and Ep{[3) := atidi + 6x2i92 + aedi — [3. We will simply 
write Ep = Ep{[3). 

First of all, we will prove the inequality 



dime < a. 



Assume that / G C[[ti,X2]], / 7^ 0, satisfies Ep{f) = P{f) = 0. Then choosing u G M^q such 
that auj2 > bui, we have in(_^_^) (.Ep) = aec^i and in(_^_(^)(P) = c^a- 

Then (see [25, Th. 2.5.5]) (9i(in^(/)) = 9f (in<^(/)) = 0. So, in^(/) = Xix^ for < / < a-1 
and some A; G C. That implies the inequality. 

Now, remind that 



(ti + e)^xl r^'; w(H](^i + e) 



m>0 



and that the support of such a formal series in C[[ti,X2]] is contained in N x (A; + aN) for 
/c = 0, 1, . . . , a — 1. Then the family {(p^k p | = 0, . . . , a — 1} is C-linearly independent and 
they all satisfy the equations defining M.A[l3)p. □ 

Proposition 3.2.5.4. If (3 (^oM + hN then 



£xt'^{MA{l3),0^y{s))p 



for allp= (e,0) G C* x {0}. 

Proof. From the proof of Proposition 3.2.5.3 and Lemma 3.2.5.1 it follows that any linear 
combination X]fc=o ^k4>v'',p with Afc G C has Gevrey index equal to 5/a if /3 ^ aN + bN. □ 

Proposition 3.2.5.5. If(3eaN + bN then 

for allp = (e, 0) G C* x {0} where q is the unique k E {0, 1, . . . , a — 1} such that (3 G kb + oN. 

Proof. The proof is analogous to the one of Proposition 3.2.5.4 and follows from Lemma 
3.2.5.1. 

□ 

Lemma 3.2.5.6. The germ of E := Ea{(3) at any point p = (e, 0) G C* x {0} induces a 
surjective endomorphism on Oj^{s)p for all (3 & C, 1 < s < 00. 

Proof. We will prove that Ep : (9j^(s)(o,o) — ^ ^x^('^)(0'0) surjective (using coordinates 
(ti,X2). It is enough to prove that E := di + bx2u{ti)d2 — [3u{ti) induces a surjective 
endomorphism on Cj^(s)(o,o)5 where u{ti) = {a(ti + e))~^ G C{ti}. For s = 1, The 
surjectivity of F follows from Cauchy-Kovalevskaya theorem. To finish the proof it is enough 
to notice that ps o F = F o ioi 1 < s < +00. For s = +00 the result is obvious. □ 
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Corollary 3.2.5.7. We have £xt^{MA{l3),0 ^{s))p = for dip = (e, 0) e C* x {0}, 
/? e C, 1 < s < oo. 

Proof. We first consider the germ at p of the solution complex of A^a(/5) as described in 
Remark 3.2.3.3 for JF = 0^{s). Then we apply that E + ab is surjective on ^{s) 
(Lemma 3.2.5.6). □ 

Remark 3.2.5.8. From Corollary 3.2.5.7 and the long exact sequence in cohomology asso- 
ciated with (1), we have that Sxt'^{A4A{P), Qy(s))p = for all /3 G C. We do not need to 
use here that lTT'y\MA{f3)) is a perverse sheaf on Y. In addition, using Proposition 3.2.4-4 
we have £xt'^{MAi/3), Qy(s)) = 0, 1 < s < oo for all (3 e C. 

3.2.6 Computation of Sxt^{MAil3), Qy{s))p for p G F, p ^ (0, 0) 

Lemma 3.2.6.1. Assume that f G C[[ti,X2]] satisfies Ep{f) = 0. Then f = Efc=o /^^^ 
where 

f^'^ = 5^ fk+amit, + e)^-''"^X^+'^"^ 
m>0 

With fk+am e C. 

Proof. Let us sketch the proof. We know that in(„(^ ,^)(i?p)(in^(/)) = [25, Th. 2.5.5] for all 
uj = {uJi,uj2) G M^. 

If tui > then in(_(^,(^) (i^p) = aedi and so, in^(/) G C[[x2]] for all u with ui > 0. On 
the other hand, if u;i = then in(_^ ,^) (i^p) = Ep and in particular _Ep(in(o,i)(/)) = and 
in<^(in(o,i)(/)) G Cfxa], for all u G M|o- 

There exists a unique {k,m) with G {0, . . . , a — 1} and m G N such that in(o,i)(/) = 
x^^'^^hiti) for some G C[[ti]] with h{0) ^ 0. 

There exists fam+k G C* such that ti divides 

in(o,i)(/) - fan.+kit, + e)'^-^-x^+'^™' G C[[t,]]xr^\ 

But we have 

E,(in(o,i)(/) - fam+kih + e)^-'^x',+^n = 0. 

This implies that in(o,i)(/) = fam+kih + e)^"''^x^+''"' . 

We finish by induction by applying the same argument to / — in(o,i)(/) since Ep{f — 
in(o,i)(/)) = 0. ' □ 

Let's recall that F = (xs = 0) C X = and v'' = (^, A;) for A; = 0, . . . , a - 1. 

Remark 3.2.6.2. As in the proof of Lemma 3.2.5.1 if (3 E aN + then there exists a 
unique < g < a — 1 such that (3 E qb + oN. Let us write mo = 

The series (p^q is in fact a polynomial in C[a;i, X2] since for niQ — bm > the expression 
^t;9^-bm^am ^ monomial in C[xi,X2\. 

Let us write m' the smallest integer number satisfying bm' > mo + 1 and write u{m') = 
{—bm', am') and 

vi := + u{m') = (?no — bin, q + am'). 
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Let us notice that Av^ = (3 and that v'^ does not have minimal negative support (see [25, p. 
132-133]) and then the T -series 0;^ is not a solution of Ha{P). We have 

mGN; fem>-mo+l 

It is easy to prove that Ha{P)p{<P^ p) C Ox,p for all p = (e, 0) G X with e 7^ 0, and that (j):^ p 
is a Gevrey series of index b/a. 

Proposition 3.2.6.3. For all p E Y \ {(0, 0)} and p E C we have 

a if s > b/a 



dimciSxt^ {Ma{P),Qy{s)\ 



if s < b/a 



Moreover, we also have 
i) If/3(/aN + bN then: 

a-l 



£xt^{MA{f3)^QY{s))p = J2 



vi,p 



k=0 

for all s > b/a 
a) If (3 E oN + 6N then for all s > b/a we have : 

£xt\MA{l3)MY{s))p= Yl ^'^P + 

with 0:^ as in Remark 3. 2. 6. 2. 
Here stands for the class modulo Ox\Y,p of (p E ^{s). 

Proof. It follows from Propositions 3.2.5.4 and 3.2.5.5, from the proofs of Lemma 3.2.5. land 
Proposition 3.2.5.3 by using the long exact sequence in cohomology and Proposition 3.2.7.1 
below. □ 

3.2.7 Computation of £xt^{MA{f3), Qy(s))p for p G F, p ^ (0, 0) 
Proposition 3.2.7.1. For all P E C we have 

£xt\MAi/3),O^.{s))p = 
for all s > b/a and for all p eY , p ^ (0, 0) . 

Proof. We will use the germ at p of the solution complex of M.a{I3) with values in JF = 
0^{s) (see Remark 3.2.3.3): 
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Let us consider (/,(?) in the germ at p of kei^ipi), i-e- fy9 ^ ^x\y^^^p ^^'^^ ^^^^ (-^p 
ab){f) = P{g)- We want to prove that there exists h G Oj^{s)p such that P{h) = f and 
Ep{h) =g. 

From Lemma 3.2.5.6, there exists h G Oj^{s)p such that Ep{h) = g. Then: 

{Ep + ab)if) = P{g) = P{Ep{h)) = {Ep + ah)P{h) 
and so, {Ep + ab){P(h) - /) = 0. We have 

{f,g) = {P(h),Ep(h)) + {l0) 

where / = f - P{h) G C^(s)p satisfies {Ep + ab){f ) = 0, and so (/,0) G Ker(?/'J'). In order 

to finish the proof it is enough to prove that there exists h G Oj^{s)p such that P{h) = f 
and Ep{h) = 0. 

Since h, fE C[[ti,X2]], {Ep + ah){f ) = and Ep{h) must be 0, it follows from Lemma 
3.2.6.1 that 

a-l 

^^^^ —bm^k+am 



with hk+am € C and 



k=0 m>0 



a-l 

J = 2^2^ Jk+am{tl + e) « ^ ^^2^ 
fc=0 m.>0 

with /fc+am e C. 

The equation P{h) = / is equivalent to the recurrence relation: 

hk+a{m+l) = 7^— 7 , ( ( ~ ) ^fc+am " /fc+am. ] (4) 

(/c + a(m + l})a \\ a ) ^ ) 

for /c = 0, . . . , a — 1 and m G N. The solution to this recurrence relation proves that there 
exists h G C[[ti,X2]] such that P{}i) = f and Ep{h) = 0. 
We need to prove now that h G Oj^{s)p. 
Dividing (4) by {{k + a{m + 1))!)''"^ we get: 

hk+a{m+l) _ 1 I I (3 — hk ^fc+am fk+am 



(A: + a(m + l))!'*-i ((A: + a(m + 1))^)^ V V « / ^ (A; + am)!*-i (A: + am)!'^-i 

So it is enough to prove that there exists C, -D > such that 

^k+am 



(/c + am)!* ^ 

for all < A; < a — 1 and m > 0. We will argue by induction on m 



< CD"" (5) 
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Since PsCf) is convergent, there exists C,D > such that 

I fk+am I 



< CD' 



for all m > 0. 

Since s > b/a, we have 



r0-bk 



lim 



bm)i 



m^+oo ((/c + a(m + l))a) 
and then there exists an upper bound Ci > of the set 



< (b/a) 



{ 



{{k + a{m + l))ay 



■.meN} 



Let us consider 



and 



C = max{C, 



D = max{D,Ci + 1}. 



So, the case m = of (5) follows from the definition of C. Assume 



(fc+am)!"-! 

We will prove inequality (5) for m + 1. From the recurrence relation we deduce: 



h 



k+a{m+l) 



{k + a{m + 1))!^-^ 



''k+am 



{k + am) 



\s-l 



CD' 



and using the induction hypothesis and the definition of C, D we get: 



h 



k+a(m+l) 



{k + a{m + l))!''"^ 



< {Ci + < CD 



m+l 



In particular Psih) converges and h G Ojr^{s 



X\Y^"'P- 



□ 



Proposition 3.2.7.2. For all (3 e C we have: Sxt\MA{/3), Qy{s)) = 0, for all 1 < s < oo. 

Proof. Since Sxt^{A4A{P), Qy(s))(o,o) = (see Subsection 3.2.4) it is enough to prove that 
£xt^iMAif3), = for all p e F \ {(0, 0)}. 

From Corollary 3.2.5.7 (for s = 1), Proposition 3.2.7.1 and the long exact sequence in 
cohomology we get the equality for s > b/a. 

On the other hand, we know that the only possible gap in the Gevrey filtration of 
Iyty{J^a{i3)) is achieved at s = b/a (see Subsection 2.2) and Qy(l) = 0, so, we have 
the equality forl<s<6/a. □ 

Using again the long exact sequence in cohomology we can prove the following corollaries: 

Corollary 3.2.7.3. Assume /3 aN + bN. then Sxt\MA{f3), 0^{s)) = for all 1 < s < 
oo. 
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Corollary 3.2.7.4. Assume p e aN + bN and p e Y \ {(0, 0)}. Then 

Remark 3.2.7.5. For the sake of completeness let us treat the case where A = {—a b) with 
a, b strictly positive integer numbers and gcd(a, b) = 1. 

We have La = keTz{A) = {m{b, a) | m G Z}. The toric ideal I a is the principal ideal in 
C[di, 82] generated by P = d\d2 — 1. 

An easy computation proves that the characteristic variety of M.a{I3) is defined by the 
ideal {(,1^2, — 0x1,^1 + 6x2^). Then M.a{P) is holonomic and its singular support is the union 
of the coordinates axes Y1UY2 (Z X = C'^ with Yi = (xj = 0) . 

Assume uo = {uji,uj2) is a real weight vector with strictly positive components. Then 
in^(/A) is the monomial ideal generated by and its standard pairs (see [25, Section 
3.2]) are 

{(^■,{2})|J = 0,...,5-l}U{(92^{l})|fc = 0,...,a-l}. 

Then we will consider the families 

■.= U,^^)eC' forj = 0,...,b-l 

and 

kb ~ Fi 

_ ^"^(^^ k)eC^fork = 0,...,a-l 
a 

We will also consider the T-series 

m>Q 

where u{m) = {bm,am) G La. The series (pyj defines a germ of holomorphic function at any 

point p G X \ (^2)- I'n fact we have G X2 * Ox{X). 

On the other hand we have the analogous property for the T-series 



m>0 



kb-13 



and in this case we have in fact 0„,fc G " Ox{X). 

The family {ip^j , (p^k | j = 0, . . . , 6 — 1; /c = 0, . . . , a — 1} is linearly independent ( and so 

dime {£xtl^{MA{(i), Ox)p) >a + b 

forp G X\{Yi\JY2) ) unless if (3 = kb—ja for some k = 0, . . . , a — 1 and some j = 0, . . . , 6—1. 
In this last case = and (p^j = (p^k . 

So, if j3 = kb — ja, we need new series than the T-series to generate the vector space of 
holomorphic solutions at p. 

We can use in this case multivalued functions of type Yla'y'^a,'yix)x°'(logx)'^ applying the 
method developed in [25, Section 3.5[. 
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Figure 1: Table 1 



Assume p = (£1,62) G X\(YiUl2)- The operators defining M.a{I3) are (using coordinates 
ti = xi- ei,t2 = X2- €2), 

p = d\d^ - 1 and Ep{P) := -atidi + 6*2^2 - aeidi + be2d2 - (3. 

Assume uj = (1,1). Then in(_j^ ,j)(if^(/3))p contains the ideal J C A2 generated by 
{d^d2, —aeidi + he2d2) which is also generated by (S""*"^, —aeidi + be2d2)- 

Assume f G C[[ti,t2]] is a solution of the system P{f) = Ep{j3){f) = 0. Then by [25, 
Th. 2.2.5] the homogenous polynomial in^,(/) is a solution of the ideal J and then 'uit^{f) 
has degree a + b — 1. Then the solution vector space of M.a{I3)p with values in C[[ti, ^2]] has 
dimension less than or equal to a + b. So, 

dime {£xt%^{MA{(3), Ox\) =a + b 

forpeX\{Y^UY2). 

In a similar way it can be proved that 

dime {Sxtl^{MA{P),Ox)p) = a 

for p EY2, p ^ (0, 0) and 

dime {£xtl^{MA{(3),Ox)p)=b 

forpE Yi, p ^ (0,0). 

Finally for p = (0,0) it is easy to prove that the dimension of Sxt^ _{-^a{i3),Ox)p is 1 
if (3 E — aN + 6N and otherwise. 

Let us summarize the main results of this Section in the following table. Here A= [a b), 
s > b/a, Y = {x2 = 0) C X = C\ p eY\{{0, 0)}, /3esp G aN + 6N and /3gen ^ aN + bN. 
Moreover £xt\y{MA{P), J^) = for i ^ 0, 1 = Ox\y,0^{s), Qy{s) and 1 < s < +00 
(see Corollary 3.2.5.7 and Remark 3.2.5.8). 

Remark 3.2.7.6. It is easy to prove that the system M-AiP) has no slopes with respect to 
the line xi = 0. With the notations of e.g. [4] any L -characteristic variety of M.a{I3) with 
respect to xi = is defined by {d\, axidi + bx2d2} and then it is (F, V) -bihomogeneous. This 
fact can also be deduced from [26]. 
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3.3 The case of a smooth monomial curve 

Let A = [1 a2 ■ ■ ■ a„,) be an integer row matrix with 1 < 02 < ■ ■ ■ < a„ and /3 G C. Let 
us denote by A^a(/5) the corresponding analytic hypergeometric system on X = C^. We 
will simply denote V for the sheaf Vx of linear differential operators with holomorphic 
coefficients. 

Although it can be deduced form general results (see [6] and [1, Th. 3.9]), a direct 
computation shows in this case that A4a{i3) is holonomic and that its singular support is 
Y = {xn = 0). Let us denote by Z C C" the hyperplane = 0. 

Recall that the irregularity Irr5^^(A<A(/5)) = momT){MA{l3), Qy{s)) (Section 2.2) is a 
perverse sheaf on Y for 1 < s < 00 (see [21, Th. 6.3.3]). 

The main result in this Subsection is 

Theorem 3.3.1.7. Let A = (1 02 ■ ■ ■ a^) be an integer row matrix with 1 < 02 < ■ ■ ■ < fln 

and /3 G C. Then the cohomology sheaves of \tIy\-^ a{I3)) satisfy: 

i) SxtUMAiP), Qy{s)) = Oforl<s< ajan-i. 

11) Sxt^iMAiP), QY{s))\ynz = 0,Ws> 1. 

Hi) dime {£xtj,{M.A{P), Qy{s))p) = a„„i, for all s > an/an^i and p eY\Z. 

iv) £xti^{MA{i3), Qy{s)) = 0,fori>l and 1 < s < 00. 

The main ingredients in the proof of Theorem 3.3.1.7 are: Corollary 3.3.2.3, the results 
in Section 3.2 for the case of monomial plane curves, Cauchy-Kovalevskaya Theorem for 
Gevrey series (see [16, Cor. 2.2.4]) and Kashiwara's constructibility theorem [10]. 

3.3.2 Preliminaries 

In the sequel we will use some results concerning restriction of hypergeometric systems. 

Theorem 3.3.2.1. [4, Th. 4.4] Let A = {1 a2 ■ ■ ■ an) be an integer row matrix with 
1 < a2 < ■ ■ ■ < an and /3 ^ C Then for i = 2,...,n, one has a natural V -module 
isomorphism 

V ^ ^' 

VHa{P)+x{D ~ V'HA'iP) 

where A' = {1 a2 ■ ■ ■ fli-i Cj+i ■ ■ ■ a„) and V is the sheaf of linear differential operators 
with holomorphic coefficients on C"'~^ (with coordinates Xi, . . . , Xi-i, Xj+i, . . . , Xn)- 

Theorem 3.3.2.2. Let A = {1 ka kb) be an integer row matrix with 1 < a < b, 1 < ka < kb 

and a,b relatively prime. Then for all j3 E C there exist Pq, . . . , Pk-i G C such that the 
restriction 0/ A^^(/3) to {xi = 0} is isomorphic to the V -module 

where V is the sheaf of linear differential operators on Xi = and A' = [a b). Moreover, 
for all but finitely many /3 G C we can take (3i = ^y^, z = 0, 1, . . . , /c — 1. 
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An ingredient in the proof of Theorem 3.3.1.7 is the following 

Corollary 3.3.2.3. Let A = {1 a2 ■ ■ ■ an) be an integer row matrix with 1 < 02 < ■ ■ ■ < a„ 

Then there exist Pi E C, i = 0, . . . , k — 1 such that the restriction of AiA{j3) to {xi = X2 - 
■ ■ ■ = Xn-2 = 0) is isomorphic to the V -module 



V 



VHa{(3) + {Xi,X2.--- ,Xn-2)V .^^ 

where V is the sheaf of linear differential operators on (xi = X2 = ■ ■ ■ = Xn-2 = 0), 
A' = (a,„_i a„) and k = gcd(a„_i, a„). Moreover, for all but finitely many (3 E C we can 
take j3i = P — i, i = 0,1, . . . , k — 1. 

Let us fix some notations. 

Notation 3.3.2.4. Let A be an integer d x n-matrix of rank d and j3 G C". For any 

weight vector G and any ideal J d <C[d] = C[9i, . . . , 9„] we denote by 'm^^{J) the initial 
ideal of J with respect to the graduation on C[c?] induced by w. According to [25, p. 106] 
the fake initial ideal of Ha{P) is the ideal fin(^(if^(/?)) = yl„in^(/yi) + An{A6 — (3) where 
6 = {61, . . . ,6n) and 6i = Xidi. 

Assume now A = {1 ka kb) is an integer row matrix with 1 < a < b, 1 < ka < kb and 
a, b relatively prime. 

Let us write Pi = d!^ -d^, P2 = d'^" - 82, P3 = 5f - ^3 and E = 9^ + ka92 + kbO^ - (5. 
It IS clear that Pi G Ha{P) = {P2, Ps^E) C A3. 

Let us consider -< a monomial order on the monomials in A3 satisfying: 



7l + «72 + ^73 <l'l + 0-12 + ^73 

or 

7i + 072 + &73 = 7i + ^72 + &73 and 3072 + 2673 < 3073 + 2673 



or V ^ x'^d^ -< x'^'d^' 



Write u) = (1, 0, 0) and let us denote by -<uj the monomial order on the monomials in A^ 
defined as 

7i - tti < 7^ - a[ 



x"d^ <^ x'^d^' ^ { or 



7i — «! = 7^ — and -< d 

Proposition 3.3.2.5. Let A = (\ka kb) be an integer row matrix with l<a<b,l<ka< 
kb and a, b relatively prime. Then 

Rn^iHAm = A^iuMa) + A,E = ^(Pi, E, d',) 

for /5 ^ N* := N \ {0} and for all jS eW big enough. 

Definition 3.3.2.6. [25, Def. 5.1.1] Let I C A„(C) be a holonomic ideal and G M" \ {0}. 

The b-function I with respect to uj is the monic generator of the ideal 

in(-5,^)(/)nC[r] 

where r = uJiOi + ■ ■ ■ + cDn^n- 
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Corollary 3.3.2.7. Let A = {1 ka kb) be an integer row matrix with 1 < a < b, 1 < ka < kb 

and a, b relatively prime. Then the b-function of Ha{(3) with respect to uo = (1, 0, 0) is 

b{T) = r(r - l)---(r - (A; - 1)) 
for all but finitely many /3 G C. 

Proof. From [25, Th. 3.1.3] for all but finitely many /3 G C we have 
Then by using Proposition 3.3.2.5 we get 

for all but finitely many /3 G C. An easy computation shows that {Pi, E,d'[} is a Grobner 
basis of the ideal in(_(^ with respect to any monomial order > satisfying 6*3 > 9i, 62 

and d\> d^. In particular we can consider the lexicographic order 

X2,> X2> d2> d^> xi> di 

which is an elimination order for xi and di. So we get 

in(„^,^)(/7^(/3))nC[xi](9i) = (9t) 

and since x\d\ = 9i{9i — 1) ■ ■ ■ {61 — {k — 1)), we have 

in(_^,^)(i/A(/9)) n C[^^i] = {Oiiei -l)...(9i-{k- 1))) 

This proves the corollary. □ 

Remark 3.3.2.8. Corollary 3.3.2.7 can be related to [4, Th. 4-3] proving that for A = 
(1 02 ■ ■ ■ <^n) with 1 < 02 < ■ ■ ■ < an, the b-function of Ha{I3) with respect to is bij) = r, 
for i = 2, . . . ,n. Here Cj G M" is the vector with a 1 in the i-th coordinate and elsewhere. 

Recall (see e.g. [25, Def. 1.1.3]) that a Grobner basis of a left ideal I C An with respect 
to {—uj,uj) G M^" (or simply with respect to G M") is a finite subset G G I such that 
/ = AnG and in(_^_^)(J) = y4„in(_^^^)G. 

Proposition 3.3.2.9. Let A = {1 ka kb) be an integer row matrix with l<a<b,l<ka< 
kb and a, b relatively prime. For all but finitely many (3 G C, a Grobner basis of Ha{I3) C A3 
with respect io u; = (1, 0, 0) zs 

{Pi,P2,P^,E,R} 
for some i? G A3 satisfying in(_i^ ,^)(_R) = d^. 

Lemma 3.3.2.10. ([24, Cor. 5.4] and [25, Th. 4.5.10]) Let A = {I a2 ■■■ an) he an integer 
row matrix with 1 < 02 < ■ ■ ■ < a„. Then 

is a V -module isomorphism if [3 7^ —1. 
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Remark 3.3.2.11. From Lemma 3.3.2.10 we have M-Ai'^i) — 71(^2) for allmi,m2 G N 
and mi) ~ AiA{—^2) for all mi,m2 G N*. Moreover, if j3 ^ Z then we have 

MA{f3) ^ MA{f3 + i) for all i e Z. 

Proof (Theorem 3.3.2.2) We have A = {1 ka kb) with 1 < a < b, 1 < ka < kb and a, b 
relatively prime. From Lemma 3.3.2.10 it is enough to compute the restriction for all but 
finitely many /5 G C. We will compute the restriction of A4a{i3) to {xi = 0} by using an 
algorithm by T. Oaku and N. Takayama [25, Algorithm 5.2.8]. 

Let r = A; — 1 be the biggest integer root of the Bernstein polynomial 6(r) of Ha{i3) with 
respect to u; = (1,0,0) (see Corollary 3.3.2.7). We consider the free P'-module with basis 
Bk-i (where Bm '■= {dl : z = 0, 1, . . . , m} for m G N and Bm = ^ rn < 0): 

k-1 
1=0 

The algorithm [25, Algorithm 5.2.8] uses in this case the elements in the Grobner basis 
{Pi, P2, A) -E') -R} of Ha{P) (given by Proposition 3.3.2.9 for all but finitely many /9 G C) 
with cu-order less than or equal to /c — 1. Each operator dlPi, d{E, i = 0, . . . , k — 1, must 
be written as a C-linear combination of monomials x^d^ and then substitute xi = into 
this expression. The result is an element of (P')^' = VBk- In this case we get: 

{d[Pi)\.,=o = Pidl {d\E)i,,=o = {kax2d2 + kbx^d^ - /3 + i)dl z = 0, . . . , A; - 1 
and this proves the theorem. □ 

Remark 3.3.2.12. We can apply Cauchy-Kovalevskaya Theorem for Gevrey series (see [16, 
Cor. 2.2.4]), Theorem 3.3.2.1, Theorem 3.3.2.2 and [4, Prop. 4-^] to the hypergeometric 
system A4a{P) with A = {1 a2 ■ ■ ■ an), 1 < 02 < ■ ■ ■ < a„,, /c = gcd(a„_i,a„) and A' = 
|(an_i,a„) and we get a Vz' -module isomorphism 

k-1 

Rnomv^{MAW),0^{s))\z' ^ ^mom.v^,{MAiPi),0^{s)) 

1=0 

for all 1 < s < 00 where Y = (x„ = 0), Z' = {xi = X2 = ■ ■ ■ = Xn-2 = 0) and Y' = 
Y n Z' . Notice that coordinates in X , Y, Z' , Y' are x = (xi, . . . ,x„), y = (xi, . . . ,x„_i), 
z = (x„_i,Xn) and y' = (x„_i) respectively. 

Moreover the last isomorphism induces a C-linear isomorphism 

k-1 

£xt{,^{MAi/3),0^{s))^o,...,o,en-uO) ^ 0^a;t^i?^,(A<A'(A),C'f7^(5)))(e„_i,o) 

for all Cn-i G C, s > 1 and j G N and we also have equivalent results for Qy{s) and Qy'{s) 
instead of Oj^{s) and O-^j^i^s). 

In particular, using the results of Subsection 3.2, we have: 
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Proposition 3.3.2.13. Let A = {1 a2 ■ ■ ■ an) be an integer row matrix with 1 < 02 < ■ ■ ■ < 
a„ . Then for all (3 E'C 

a„-i if s> a„,/a„„i, j = and e„_i 7^ 



Corollary 3.3.2.14. Let A= [1 a2 ■ ■ ■ an) be an integer row matrix with 1 < 02 < ■ ■ ■ < ctn- 
Then for all /3 E C 

ChiIrr'^\MAm) ^TPY\J 

for s> Sq := 

Proof. Here Ch(Jrry is the characteristic cycle of the perverse 

(see e.g. [15, Sec. 2.4]). The Corollary follows from the inclusion 

Ch'-'\MA{I3)) C T^X U T*X U T*X 

for s > Sq and then by applying [15, Prop. 2.4.1]. □ 

Proof. (Theorem 3.3.1.7) Let us consider the Whitney stratification Y = Y1UY2 of Y = 
{xn = 0) C C" defined as 

Yi:=Y\{Y n Z) = {xn = 0, Xn-i ^ 0) = C'"^ x C*. 

Y^:=YnZ = {xn = Xn-i = 0)= C"-2 X {0}. 

Let us consider the perverse sheaf on Y defined by JF* = ]R7Yomx>^- (A1yi(/3), Qy(s)) for 
1 < s < 00. 

By Kashiwara's constructibility Theorem [10], the Riemann-Hilbert correspondence (see 
[19] and [12], [11]) and Corollary 3.3.2.14, we have that 

£xt^{MAiP).QY{s))iY^ 

is a locally constant sheaf of finite rank for alH G N, j = 1, 2. 

To finish the proof it is enough to apply 3.3.2.13. □ 

Remark 3.3.2.15. Last proof uses Kashiwara's constructibility Theorem and the Riemann- 
Hilbert correspondence, two deep results in V -module theory. It would be interesting to give 
a more elementary proof of Theorem 3.3.1.7. 

3.3.3 Gevrey solutions of M^(/?) 

We will compute a basis of the vector spaces Sxf{J\4A{l3), Qy(s))p for all p e F \ Z, /3 G N, 
z G N and A = [1 a2 ■ ■ ■ an) an integer row matrix with 1 < 02 < ■ ■ ■ < a„. 

Lemma 3.3.3.1. Let A = [1 02 ■ ■ ■ an) be an integer row matrix with 1 < a2 < ■ ■ ■ < an 

and uj G M"q satisfying 

a) Wi > ttiUi for 2 < i < n — 2 or i = n 

b) ttn-lUJi > Un-l 
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C) Un-l > UJi,. . . ,U)n-2 

Then HA{f3) has a„_i exponents with respect to uo and they have the form 



^;^ = (j,0,...,0, 



0) G C 



j = 0, 1, . . . ,a„_i - 1. 



Proof. The toric ideal I a is generated by Pi^i = d^' — di E C[d], i = 2, . . . ,n. 

Let u = {ui, . . . ,uJn) € ]R"o be a weight vector satisfying the statement of the lemma. 
We have: 

_ j di if 2 = 2, . . . , n — 2, n 

m(-^,^)n,i = I ^a„_i if , = ^ _ 1 

In particular {Pi j : z = 2, . . . , n} is a Grobner basis of Ia with respect to {—uj,uj) and 
then 

in^lA = (^2, . . . , 9„_2, d^"'\dn). 
The standard pairs of in^(/A) are ([25, Sec. 3.2]): 

S{m^{lA)) = m, {n - 1}) : J = 0, 1, . . . , a„_i - 1} 
To the standard pair {n — 1}) we associate, following [25], the fake exponent 

w^ = (j,0,... ,0,^,0) 

a-n-1 

of the module AiAiP) with respect to u. It is easy to prove that these fake exponents are 
in fact exponents since they have minimal negative support [25, Th. 3.4.13]. □ 

Remark 3.3.3.2. With the above notation, the T-series (p^j associated with for j = 
0, . . . , a„_i — 1, is defined as 

where La = keTz{A) is the lattice generated by the vectors {n^, . . . , n"} and n* is the [i — l)-th 
row of the matrix 

( -a2 1 ■ • ■ \ 



-a„_2 

a„_i 

-fln 

7n— 1 



1 






-1 
1 



For any m = (m2, . . . , m„) G ^ let us denote M(m) := X]r=2 "^i"^* ^ La- We can write 



X 



T[v^; u{ni)]x 



u(rn.) 



m2 ,.. .,mj^_2^ ,mn >0 

<»i'"i<J+"n-l»"n-l 
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forj = 0, 1, . . . , a„_i — 1. We have for m = (m2, . . . , rrin) G N" ""^ such that j — J2i^n-i + 
a„_im„_i > 

T[v^; u[m)\ 



and 

n(m) _ ~Ej5^„_iai»»i+a„_im„_i 2 m„_2 -m„_i m„ 

The proof of the following theorem uses that the unique slope of with respect to 

Y is —kn = — (see [4, Ths. 4.5 and 4.81) but does not use Theorem 3.3.1.7. 

Theorem 3.3.3.3. Lei A = (1 02 ■ ■ ■ a„) 6e an integer row matrix with 1 < 02 < • ■ ■ < 

Y = [xn = 0) C X and Z = = 0) G X . Then we have: 

1. 

Sxt\MA{f3),0^{s))p= J2 ^<f'vi,P 

j=0 



for alll3GC,pGY\Z and s > an/an- 



1 



for allp G Y\Z and 1 < s < an/an-i, where q is the unique element in {0, 1, . . . , a„_i — 
1} satisfying G N and (jy^g is a polynomial. 

Proof. Step 1.- Using [7] and [25] we will describe a„_i linearly independent solutions living 
in some Nilsson series ring. Then, using initial ideals, we will bound the dimension of 
Sxt^{MA{P), 0^)p by an-i for pmY\Z. 
The series 

{(pvJ I j = 0, . . . ,a„-l - 1} C X"'C[[X^^,X2, . . . ,Xn-2,X~^^,Xn]] 

described in Remark 3.3.3.2, are linearly independent since in^(0^,j) = x^'^ for < j < 
Qn-i — 1. They are solutions of the system M.a_{P) (see [6], [7, Section 1],[25, Section 3.4]). 
On the other hand 

dimcSxt''{MA{P),0^)p<an-i (6) 

for p = (ei, . . . , en-i, 0), e^-i 7^ 0, since in<^(JA) = (^2, . . . , dn-2, ^i""', 9„) and the germ of 
at p is nothing but Ep := E + Yl^=i (^i^A (here ai = 1) and satisfies 

for uj verifying the hypothesis of Lemma 3.3.3.1. By [25, Th. 2.5.5] if / G C^xjyp is a 
solution of the ideal Ha{P) then in^(/) must the annihilated by in(„^ ,^)(if^(/9)). That 
proves inequality (6). 
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Step 2.- We are going to prove that the series (p^j generate the vector space 
for p (^Y \ Z . 

It is enough to prove that .p G ^ for aW p eY \ Z. In fact we will prove that 

4>v3 e 0^{an)p for all p e F \ Z. 

If /3 G N then there exists a unique q G {0, 1, . . . , fln-i ~ 1} such that G N and then 
0^,9 is a polynomial. 

For < j < ctra-i — 1, j 7^ g, the expression (p^j does not define any formal power series 
at a point Z fl F = {a^n-i = 0}) since the exponents of Xn-i in (p^j are not in N. 

We will see that these series are Gevrey or order an with respect to Y at any point in 
Y \ Z. Let us write tn-i = and define 

'Ipvi (^^l) • • • ) tn-li ^n) •= (^^l, • • • , Xn-2i ~ ; ^n)- 

We will see that ip^j are Gevrey series of order a„ at any point in C"^^ x C* x {0}. 
We have 

EiT^n-l ai»ni<J + an-l"in-l 

for J = 0, 1, ... , an_i — 1 and in particular 

p-j 

G t„^r' . . . , tn-1, a:„]]. 

Notice that, unless G N, this power series does not define any convergent power series 
(nor a Gevrey power series of order less than a„/a„_i) at any point in C"~^ x C* x {0}, since 

13-3 

the sub-sum of t^" ipvi corresponding to m2 = ■ ■ ■ = m„_2 = 0, m„_i = a„m, m„ = a„_im, 
m G N, is a Gevrey series of index a„/a„_i. 
Let us write 



:=Cl>.. = Yl "^^^ 

m„>0 

with 

i-E 



and remind that 

( — )m„-ij' 

rK;M(m)] = — j j — ' ■ TT. 

■ ■ ■m„_2!m„!(j - 2^j-^„_i Oimj + a„_im„,_i)! 

To prove that psl'^^j) is holomorphic at each point in C"~^ x {0} (for s > an) it is enough 
to prove that for all m„ G N, the series ^I/j,m„ is convergent on C"-"^ and that for all i? > 
there exists Li{R) > satisfying: 
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J2 |r[t;^';u(m)]|i?2'^"-i™"-i < 



Li(i?)(a„m„)! 



m2,...,m„„i>0 



rrir, 



(8) 



Let us take any real number R > 0. If inequality (8) holds then the series (7) converges 
in the polydisc 

(|xi| <R)X {\X2\ < R"') X ■ ■ ■ X (|X„„2| < R"-') X (|tn_l| < i?'^-^) 

in C"~^ and the series ps{^vi) (for > a„) converges in the poly-disc 

(|a;i| < i?) X (|x2| < i?"^) X • ■ ■ X (|x„_2| < i?"-') x < i?""-^) x (|x„| < 1). 

So, if inequality (8) holds for any i? > 0, the series (p^i^p belongs to C^^^(a„) for all 
peY\Z. 

Notice that there exists a real number A > such that 



Notice also that the sets 



n-2 



Cj(m„_i, m„) := {(mg, . . . , m„_2) G ^ : ^ 0^771^ < j + a„,_im„_i - a„m„} 



i=2 
n-2 



Cj(m„_i) := {(m2, • • • , m„_2) G N" ^ : ^ a^mi < j + an-inin-i} 



i=2 



are finite sets, Cj{mn-i,mn) C Cj(m„_i) and that the number of points in Cj(m„_i) is a 
polynomial in m^-i, which we will denote by /ij(m„_i). 
Moreover, using the inequality 



1 ^k\2' 



(m — k)\ ml 
for m = j + an-irrin-i — Y17=2 ^^i'^t^ k = antTin and since 

we get: 

1 . (a„m„)!2-'+""-i"""-i 



< 



So, to prove the inequality (8) for all i? > it is enough to prove that there exist r, C > 
such that for all m2, . . . , 'mn-2 > satisfying 

n-2 

ami < j + an-irUn-i 



1=2 
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we have: 



\m„_i ■( 1/ M oj+a„_im„_i C"^^~^(n m V 2^+""-i'""-i 

|rb^;w(m)]|< J-^n-i\anTn^yi {a^mn).Z 

• ■ •TO„-2!"in!(j - Z]i=2 fliTOi + a„_iTO„_i)! 'Tt„!(m„_i!)'" 

The inequahty (9) imphes the inequahty (8) for 



m„_i>0 ^ ^ ' 



< +00 



since the power series ^^>o ^^^mVy- defines an entire function in z. 
Using the inequahties 

1 2™ 

< — 

k\{m — k)\ m\ 

for all m, /c > 0, m > and since 

n~2 n-2 



rrii < ^ ajmj < j + a 



i=2 1=2 



we can prove that there exists Co > such that for all m2, . . . , Tnn-2 > with Yl^=2 ^i'^i — 
j + an-irrin-i we have 

< St. .. (10) 



To prove the inequality (9) we will distinguish two cases: 
1) If j + a„,_im„_i - YaZ2 aiiJii > |m„„i - Y^'^'^ rrii then: 



(j + a„_im„_i - X]tL2'("i ^ (2(j + a„_im„_i - X)"=2^("i ~ (3m„_i)! 

and then, using the inequality (10), we can prove that there exists Ci > such that: 



m2!---m„„2!(j-Er=2^«i"^i + «n-im„-i)! (3m„_i)!V2 (m„_i!)i/2 

2) If j + an-irrtn-i - Xir=2^ < " Z]r=2^ ^heu : 



i=2 x«n-l-3/2y V«n-l-3/2^ 



and f ""-^^/J < 1. 

a„_i-3/2 



Taking ri , ro G N* such that ^ .."^o = — r— we get: 

o J-' ^ a,i_i-3/2 ri+r2 ° 
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1 1 

(nELt^^! ^ ((ri + r2)m„_i)! 
and then, using the inequahty (10), we can prove that there exists C2 > such that: 

< ^ 



And then 



m2! ■ ■ ■m„_2!(j - Xir=2^ + an-i"^n-i)! 

So, taking C = max{Ci,C2} and r = min{r2/ri, 1/2} we can prove (9) and then it 
is proven that for all s > a„ the series {(pv^^p '■ 3 = 0,l,...,a„_i — 1} form a basis of 
Sxt%MAiP),0^{s))pior al\peY\Z. 

Moreover, since the unique slope of M.a{P) with respect to Y is — /cq = ^ "'"'^ (^^e [4, 
Ths. 4.5 and 4.8]) the only gap in the filtration of Itty{A4a{i3)) is achieved at an/cin-i (see 
[15, Th. 2.4.2]). Then 

Sxt%MA{P), QY{an))p = £xt^{MAiP), Qy{^))p 

O'n-l 

and 

That proves the theorem. □ 

Remark 3.3.3.4. The bounds used in the proof of Theorem 3.3.3.3 are far to be sharp, espe- 
cially inequality (9) and so, using these methods, it is not possible to give a direct computation 
of the Gevrey index of the series (p^j. We have used an indirect method for computing that 
Gevrey index, using the comparison theorem for algebraic and geometric slopes for holonomic 
V-modules [15, Th. 2.4.2] and the description of the algebraic slopes of the system A4a{P) 
[4, Ths. 4-5 and 4-8]. 

Let A = {1 a2 ■ ■ ■ a„) be an integer row matrix with 1 < 02 < ■ ■ ■ < a^. Then for all 
/3 G C the characteristic variety of A4a{P) is 

Ch{MA{f3)) = T*xX U T^X 

(see e.g. [4]). 

Then from Kashiwara's constructibility Theorem [10] we can deduce that for all j G N, 
the sheaf 

£xt^{MA{l3).Ox)\Y 
is locally constant and then the sheaf 

8xt^{MA{f3).Ox\Y)\Y (11) 
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is also locally constant. 

From Corollary 3.3.2.3 and Remark 3.3.2.11, we deduce that for /3 ^ N there exists / G N 
such that MAiP) ~ Ma{I3 - and 



Ma^W ^ Ma{P - l)\V ^ 0-M(a„_. a„)(/5 - / 



i=0 

with V = {xi = ■ ■ ■ = Xn-2 = 0}, k = gcd(a„_i, a„). 

On the other hand, if /3 ^ M then (3 — I — i ^ ^n-iN + a„N for i = 0, . . . , /c — 1, and we 

get: 

£xt^(A^(a„_i a„)(/3 - / - 0, OxnV\Ynv) = 

By using Cauchy-Kovalevskaya Theorem for s = 1 and the fact that the sheaf (11) is locally 
constant for all j G N, we get: 

Lemma 3.3.3.5. IfP^N then Sxf{MA{P), Ox\y) = for all i G N. 

We also get in a similar way 

Lemma 3.3.3.6. If j3 then for i = 0,1 the sheaf Sxt^{AiA{f3), Ox\y) is locally constant 
of rank 1 onY and Sxf{MA{i3), Ox\y) = for i 0,1. 

Remark 3.3.3.7. Let us recall here the notations introduced in Lemma 3.3.3.1. For A = 

(1 02 ■ ■ ■ ttn) an integer row matrix with 1 < a2 < ■ ■ ■ < a„ one? uj G ]R"q satisfying 

1. Wi > ttiUJi, for 2 < i < n — 2 or i = n 

2. Un-lUJi > UJn-l 

3. UJn-i > CUi, . . . , UJn-2 

we have proved that Ha{(3) has a„_i exponents with respect to uj and that they have the form: 

= (j,0,... ,0,^,0) gC" 

j = 0,1,.. .,an-i - 1. 

The corresponding T-series (p^j is defined as: 



— X 



J2 r[t;^';M(m)]a;"('") 



for j = 0, 1, ... , an-i — 1, where for any m = (m2, . . . , m„) G Z" -"^ we denote u{m) :- 
YA=2^i^' G La- 

For m = (m2, . . . , m„) G W^^^ such that j — Ylii^n-i + ctn-i^^n.-i > 0, we have 



1 u(mjj 



m2! ■ ■ • mn-2^.mj{j - Ei^n-l (^i^i + cin-imn-i) ! 

and 

«(m) _ -Ei7^„-iaimi+a„_im„_i „2 mn-2 -m„_i m„ 
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As in the proof of Lemma 3.2.5.1 if {3 & a„_iN + a„N then there exists a unique < g < 
a„„i — 1 such that 8 = ga„ + a„,_iN. Let us write rriQ = . 

fin — 1 

Then for m big enough rriQ — anm is a negative integer and the coefficient V[v''; u(m)] 
is zero and then (p^q is a polynomial in C[x]. 

Recall that u^'^ = (a„_i, 0, . . . , —1, 0) G La and let us write 

vi = v'' + (mo + = {q+ (mo + l)a„_i, 0, . . . , 0, -1, 0) = {(3 + a„_i, 0, . . . , 0, -1, 0). 

We have Avi = [3 an the corresponding V-series is 

x^' r[tr«;u(m)]x"('") 

where for m = (m2, . . . , m„) G one has n(m) = Y17=2 ^i'^^ ^'^^ 

M{q) := {(ma, . . . , m„) G N""^ | g + (mo + m„_i + l)a„_i - ^ a^mj > 0}. 

i^n—l 

Let us notice that vi does not have minimal negative support (see [25, p. 132-133]) and 
then the V-series is not a solution of Ha{P). We will prove that Ha{P)p{(P:;js p) C Ox,p 
for all p E Y \ Z and that (f>:^ p is a Gevrey series of index an/cLn-i- 

Theorem 3.3.3.8. Let A = {1 02 ■ ■ ■ an) he an integer row matrix with 1 < 02 < ■ ■ ■ < an, 

Y = {Xn = 0) C X and Z = {Xn-i = 0) G X . Then for all p E Y \ Z and s > an/cin-i we 
have: 

1. If 13 then: 

Qn-l-l 

8xt\MA{[3).QY{s))p= Cj~. 

j=0 

2. If (3 E N, then there exists a unique g G {0, . . . , a„_i — 1} such that niQ = G N 
and we have: 

sxt''{MA{f3),QY{s))p= Yl C0~;;+C0=~. 

Here (p stands for the class modulo Ox\y,p of cj) E J^s). 

Proof. 1. It follows from Theorem 3.3.3.3 and Lemma 3.3.3.5 using the long exact sequence 
of cohomology. 

Let us prove 2. Since £xt^{M.A{(3)-i Qy(s)) = (see Theorem 3.3. L7) and applying 
Theorem 3.3.3.3, Lemma 3.3.3.6 and the long exact sequence in cohomology we get that 

£xt\MA{(3).Ox\Y{s))\Y\Z 

is zero for s > an/an-i and locally constant of rank 1 for 1 < s < an/an-i- We also have 
that 

£xt\MA{P),Ox\Y{s)) \Ynz 
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is locally constant of rank 1 for all s > 1). 

Assume s > an/an-i- We consider the following long exact sequence of locally constant 
sheaves onY' = Y\Z (with M = -Ma(/5)): 

^ £xt°{M, Ox\y)\y' £xt"{M, 0^^{s))iY' ^ Ex^iM, Qy{s))\y' ^ £xt\M, Ox\y)\y' 
and for all p G we have: 

£xt°(A<A(/3),Qy(s))p~C""-^ 

Since /3 G N there exists a unique q = 0, 1, ... , a„„i — 1 such that -^^^ G N and then 

(j)yq G C[x] generates £xt^{M.A{l3)-,Ox\Y)\Y' = Ker(p). 

Using the above exact sequence and the first isomorphism theorem we get that the family 



< j < a„_i - 1, j 7^ 

is linearly independent in Qy(s)p, for all p G F'. 

In a similar way to the proof of Theorem 3.3.1.7 it can be proved that 0:^^ G 0^{s)p 
for all p G y and s > a„/a„_i. 

Writing = and defining: 



, 1 — /t / 

we have that 

V'^ G C[[Xi, . . . , X„_2, tn-1, a^n]] 

Taking the subsum of for m2 = ■ ■ ■ = m„-2 = 0, m„ = a„_im, m„_i = a„m, m G N, 
we get the power series 

m>0 

where 

_ (-l)'^""*(a„m)! 

Cm — 7 Tj 

This power series has Gevrey index sq = an/cLn-\ with respect to = 0. Then 0;^ has 
Gevrey index sq = an/dn-i- 

We have E{(j):^) = Pi{(j):^) = 0, for alH = 1, 2, . . . , n—2, n and Pn-i{(f>:^) is a meromorphic 
function with poles along Z (and holomorphic on X \ Z): 

p„_i(0^) = 2^ 



m2! ■ ■ ■m„_2!m„!(g - Xli^n-i + an-i("^o + 1))' 

m&M{q) ^ 
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where 

M{q) = {(m2, . . . ,m„_2,m„) G N""^| ^ajmj <q + a„,-i(mo + 1) = (3 + a„_i} 

is a finite set (recall that tuq = G N). 
In particular, Ha{(3) • (</>^;5) t OxiX \ Z). 
So, 

0=~e^xt°(A^A(/3),Qy(s)), 

for aA\ p \ Z and s > an/cin-i- 

In order to finish the proof we will see that for all G C (j = 0, . . . , a„_i — 1', j ^ q) 
and for all p G F \ Z we have 

^^,p ~ 5Z '^i'^'^^p ^ C)x\Y,p- 

Let us write 

tn-l 

Assume to the contrary that there exist p \ Z and Xj G C such that: 
Let us consider the holomorphic function at p defined as 
We have the following equality of holomorphic functions at p: 



for s > a„. 



The function ps{x'"''ijj:^) is holomorphic in C" while each psii^vj) has the form t^^l'^ijjj 
with holomorphic in C". 

Making a loop around the tn-i axis (logt.„_i ^ logt„_i + 27ri) we get the equality: 



p. 



-2m 



where Cj = e ""-i ^ 1 (since ^ Z for all j ^ q) and / is obtained from / after the 
loop. Since / is holomorphic at p then / also is. Subtracting both equalities we get: 



Ps(/-/ + 5Z(c,-l)A,V'..) = 
34 



and then 

^{cj - i)Xjij^j = f -f 

in the neighborhood of p. This contradicts the fact that the power series {(j)yj : j q,0 < 
j < On-i — 1} are hnearly independent modulo Ox\Y,p (here we have Cj — 1 7^ 0). This proves 
the theorem. □ 

Corollary 3.3.3.9. If p E N then for all p E Y \ Z the vector space Sxt\MA{P),Ox\Y)p 
is generated by the class of: 

4:^ 7712! ■ ■ ■m„_2!m„!(g - Xli-^n-iOi^^i + an-i('Tio + 1))! 

{Ox\y); 



m 



lm{ro,Ox\Y) 



where 

M{q) = {(m2, . . . ,m„_2,m„) E N""^ | ^a^mi < g + a„,„i(mo + 1) = (3 + a^-i} 
is a finite set (with = E N) and tpQ being the dual map of 

%Ijo : — > V 

Proof. It follows from the proof of Theorem 3.3.3.8 since £xt^{M.A{l3)iOx\Y)p — C for all 
p E Y' = Y \ Z and moreover 

for < j < a„_i - 1, J ^ g. □ 

Remark 3.3.3.10. It is easy to prove that the system A4a{i3) has no slope with respect to 
Xi = for i = 1, ... ,n — 1, because we can compute explicitly the defining equations of the 
L -characteristic variety for any L and it is elementary to see that it is {F, V) -bihomogeneous 
(see e.g. [4] for notations). The same result can be also deduced from [26]. 

Remark 3.3.3.11. We can also compute the holomorphic solutions of /iAa{I3) at any point 
in X\Y for A = {1 a2 ... a„) with 1 < 02 < . . . < a„ and for any (3 EC, where Y = (x„ = 
0) C X = C (see Subsection 3.2.2). We consider the vectors = (j, 0, . . . , 0, ^) E C", 
j = 0, l,...,a„ — 1 then the germs at p E X \ Y of the series solutions : j = 

0, 1, . . . , a„ — 1} is a basis of Sxt\y{J^A{P), Ox)p- 

Let us summarize the main results of this Section in the following table. Here A = 
(1 02 ■ ■ ■ an), p e r \ Z, 2; e F n Z, /5esp e N and /3ge„ i N. 
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Figure 2: Table 2 



3.4 The case of a monomial curve 

Let A = {ai a2 ■ ■ ■ an) be an integer row matrix with 1 < ai < a2 < ■ ■ ■ < CLn and assume 
without loss of generality gcd(ai, . . . , a„) = 1. 

In this Subsection we will compute de dimension of the germs of the cohomology of 
Itty{Ma{i3)) at any point in y = {x„ = 0} C X = C" for all but finitely many G C. It is 
an open question to describe the exceptional set. 

We will consider the matrix A' = [1 ai ■ ■ ■ an) and the corresponding hypergeometric 
ideal H^'iP) C An+i where An+i is the Weyl algebra of linear differential operators with 
coefficients in the polynomial ring C[a;o, xi, . . . ,Xn]- We denote do the partial derivative with 
respect to Xq. 

We denote X' = C'"+^ and we identify X = with the hyperplane {xq = 0) = {0} x C" 
in X'. If Vx' is the sheaf of linear differential operators with holomorphic coefficients in X' 
then the analytic hypergeometric system associated with {A',P), denoted by A4a'{P), is by 
definition the quotient of Vx' by the sheaf of ideals generated by the hypergeometric ideal 
Ha'{i3) C An+i (see Section 3). 

One of the main results in this Section is 

Theorem 3.4.1.12. Let A' = {1 ai ■ ■ ■ an) an integer row matrix with 1 < ai < ■ ■ ■ < a„ 

and gcd(ai, . . . , a„) = 1. For each /5 G C there exists G C such that the restriction of 
Ma'{P) to X = {xo = 0} C X' is the Vx-module 

Vx' 

^ rr lo^^ -— ~ Ma{P ) 

Vx'Ha'{/3) + xqVx' 

where A = {ai a2 ■ ■ ■ an)- Moreover, for all but finitely many j3 we have f3' = j3. 



Proof. For i = 1, 2, . . . , n let us consider (5j G N the smallest integer satisfying 1 + (5jaj G 
Ylij^i '^i^- Such a 5i exists because gcd(ai, . . . , a„) = 1. 
Let us consider pij G N such that 

1 + 5iai = y^^Pijaj. 

Then the operator Qi := (9o<9f' — belongs to Ia' where d^' = n^yoi'^j'^- Moreover, for 
= (1, 0, . . . , 0) we have in(„^^^)((5i) = dodp G in^lA' for z = 1, . . . , n. 
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We also have that Pi = Oq^ — 9i G Ia' and in(_^^t^)Pi = d^^ G in^^/yi'- Then 

injA' ^ {d^\dodl\..,dodt,Tu...,Tr) (12) 

for any binomial generating system {Ti, . . . , T^} C C[di, . . . ,dn] of the ideal I a = Ia' H 
C[9i, . . . , 9„] (n G ^ (0, n) G L^O- 

Using (12) we can prove (similarly to the proof of Proposition 3.3.2.5 for k = 1) that for 
(3 oi (3 eW big enough, we have 

9o G fin^(i7A'(/9)) = + (P') (13) 

where E' = E + xodo and E := E{[3) = XliLi (^i^A — P- In particular we have 

{HA{f3),do) C fin^(if^,(/3)) C in(_^,,)(ffA'(/3)). 
Let {Ti, . . . , Tr, . . . , Ri} be a Grobner basis of Ia' with respect to uj. So we have 

-^A' = (^17 ■ ■ ■ ,Tr, Ri, . . . , Ri) 

and 

i'^ujlA' = (T^i, . . . , Tr, in(-aj,(^)-Rl, • • • , in(_^^^^)i?;). 

If the cj-order of in(_(^_^)i?j is 0, then m(^_^^^)Ri = Ri G J^' H C[9i, . . . , (9„] = and then 
i^{-uj,ui)Ri = Ri ^ {Ti, . . . , Tr). 

If the a;-order of in(_Lj (^)i?j is greater than or equal to 1, then c^o divide in^—^j^^j) Ri. Then, 
according (13), for /5 ^ N* or /3 G N* big enough, we have 

&n^{HA'{f3)) = {do,E,T,, . . . ,T,) = (do) + HA{f3) C in(_^,^)(ff^,(/3)) (14) 

In particular do G m(^^^^^){HA'{P)), and then 6^0 = xodo G m(^_^^^){HA'{P))- Then the 
6-function of Ha'{P) with respect to u) is 6(r) = r and the restriction of A1^'(/?) to {xq = 0} 
is a cyclic P^-niodule. 

From [25, Th. 3.1.3], for all but finitely many (3 E C, we have 

in(_^,^)(ifA'(/5)) = (9o,P,ri,...,r,) = (9o) +i/A(/9). (15) 

Let us denote Pj = — 9t for i = 1, . . . , n. Then the set 

6? = {Pi,...,P„,P,E',Ti,...,T,} 

is a Grobner basis of Ha'{(3) with respect to u;, since first of all ^ is a generating system of 
Ha'{(3) and on the other hand in(_^^^)(ifA'(/5)) = ^n+iin(-a;,a;)(^)- 

We can now follow [25, Algorithm 5.2.8], as in the proof of Theorem 3.3.2.2, to prove the 
result for all but finitely many /5 G C. Then, to finish the proof it is enough to apply Lemma 
3.3.2.10. □ 

Remark 3.4.1.13. Recall that Y = {xn = 0) C X = and Z = (x„_i = 0) C X. Let 

us denote Y' = {xn = 0} C X' , Z' = = 0} C X'. Notice that Y = Y' f] X and 

z = z'nx. 

By using Cauchy-Kovalevskaya Theorem for Gevrey series (see [16, Cor. 2.2.4]), [4; 
Proposition and Theorem 3.4- 1-12, we get, for all but finitely many j3 E C and for all 
1 < s < oo, the following isomorphism 
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We also have the following 

Theorem 3.4.1.14. Let A = {ai a2 ■ ■ ■ a„) be an integer row matrix with 1 < oi < 02 < 
■ ■ ■ < a„ and gcd(ai, . . . , a„) = 1. Then for all but finitely many P & C we have 

i) £xtl^{MA{P), Qy{s)) = Q for I < s < a„/a„_i. 

11) £xtl^{MA{(3), Qy(s))|ynz = /or 1 < s < 00. 

p) — Q-n-i for ttn/ < s < 00 and p & Y \ Z . 

iv) £xt'^^{MA{P), Qy(-s)) = 0, for i > 1 and 1 < s < 00. 

Here F = (a;„ = 0) C C" and Z = = 0) C C" . 

Proof. It follows from Remark 3.4.1.13 and Theorem 3.3.1.7. □ 

Remark 3.4.1.15. With the notations of Theorem 3.4-1-14, we can give a basis of the C- 
vector space £xtj){M.A{P), Qy(s))p for any -^f^ < s < 00, p & Y \ Z and for all but finitely 
many P E C 

Remind that for A' = {1 ai ... a„) and /5 G C the T -series described in Section 3.3 are 
cl),, = {xY Yl r[t;^;n(m)](x')"('") 

where x' = (xq, Xi, . . . , = {j,0, . . . , 0, 0) G C"+^ for j = 0,1, ... , a„_i - 1 and 

for m = (mi, . . . , m„) G Z" we have 

f l\u{m) _ -Ei7^„_i ai"^»+an-im„_i „^ m„_2 -m„_i m„\ 

For m = (mi, . . . , m„,) G N" sfic/i t/iai j — Xlj^n-i '^j'^i + (^n-if^n-i > we have 



mi! ■ ■ ■m„_2!m„!(j - Ej_^„_i a^m^ + a„_im„_i 
After the substitution xq = in the series (pyj we get 



^ ■ ^n~l 

( 13-3 \ tIt.*^! . . . ^™"-2^''"-i 



mi! ■ ■ -m^.sim^! 

/or j = 0, 1, . . . ,a„_i - 1. 

r/ie summation before is taken over the set 

Aj := {(mi, . . . , m„,) G N" : ^ airrii = j + a„_im„_i} 

JT^n— 1 

/t is clear that (0, . . . , 0) G Aq and for j > 1, Aj is a non empty set since gcd(ai, . . . , a„) = 1. 
Moreover Aj is in fact a countably infinite set for j > 0. To this end take some A : = 
(Ai, . . . , A„) G Aj. Then A + /x(0, . . . , 0, a„, a„_i) is also in Aj for all /i G N. 
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The series 0„j 1^.^=0 o Gevrey series of order s = since (f)yj also is. We will see 
that in fact the Gevrey index of (p^j^^^^Q is -^^^ for j = 0, . . . , ~ 1 such that -^—^ ^ N. 
To this end let us consider the subsum o/0t,j|xo=o over the set of (mi, . . . ,m„) G of the 
form a'--'-' + N(0, . . . , 0, a„, a„_i) for some fixed A^-'^ G Aj. Then we get the series: 

A?V..A;:2,! (A(fVa„_im)! 

anc? can be proven, by using d'Alembert ratio test, that its Gevrey index equals at any 

point inY \ Z , for any 7 = 0,..., a„_i — 1 such that ^ N. 
For all j = 0, . . . , a^-i — 1 we have 

13 -j 



and in particular these a„_i series are linearly independent. 

Assume ^ N for all j = 0, . . . , a„_i — 1. Then the family 



{<Pv^xo=0 I J = 0, . . . , ttn-l - 1} C Qy{s)p 

is also linearly independent (see Subsection 3.3) for p eY \ Z and so it is a basis of the 
C-vector space Sxt^{M.A{P), Qy{s))p (for all but finitely many P E C). 

Assume there exists g G {0, . . . , an-i — 1} (then necessarily unique) such that G N. 
Then 0^9|^(,=o is a polynomial in C[xi, . . . In a similar way as in Subsection 3.3 (and 
we will use the notations therein) we can prove that the family 



{4>vo\xo=o I j = 0, . . . , a„_i - 1, j 7^ (hi\xo=o} ^ Qy{s)p 
is a basis of Sxt^{AiA{l3), Qy{s))p for all but finitely many (3 

Remark 3.4.1.16. We can also compute the holomorphic solutions of M.a{I3) at any point 
in X \ Y for A = {ai a2 ... a„) with < Oi < 02 < . . . < a„ and for any (3 G C, where 
y = = 0) C X = C" (see Subsections 3.2.2 and 3.3.3.11). As in the beginning of 
Section 3.4 we consider A' = {1 ai a2 ... (I'nd we will use the notation from therein . 
We consider the vectors = (j, 0, . . . , 0, G C"+^, j = 0, 1, . . . , a„ — 1 then the germs 
at p' = {0,p) E X' \Y' (with p E X) of the series solutions : j = 0, 1, . . . , — 1} zs 
a basis of Sxt^,{AiA'{l3), Ox')p'- Taking {(l)wj\xo=o '■ j = 0, 1, . . . , a„ — 1} we get a basis of 
£xt%{MA{(3), Ox)p for p EC at any point pEX\Y. 
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